We propose a Active Walker Model for the movement of individual under the feedback of a time-dependent pheromone field. It is assumed that the sole feedback mechanism is tropotaxis: ants can sense the gradient of the pheromone concentration field and adjust their orientation accordingly. We consider two types of pheromone fields: one emanating from the nest, and other actively produced by ants in their nest bound journey after finding a food source. We explicitly track the evolution of both fields in three dimensions. The model yields, under certain assumptions on the parameters, that ants can successfully recruit others to food sources, and that a trail network pattern will emerge.
namely, ants are blind, use no spatial or magnetic cues, cannot measure distances and do not interact physically with others. And under this assumptions, we will construct a mathematical model at the individual level that exhibits known qualitative features of the colony-wide foraging dynamics.
Two types of communication avenues are considered: First, the nest can be 'smelled' by any ant within the boundaries of their foraging range, and thus orient the movement of ants returning to the nest. Secondly, whenever an ant find a food source, she will leave pheromone markings on the ground in her nest-bound path. The collective pheromone field thus created, orients the movement of ants seeking food. We will show how these mechanisms can explain recruitment to newly found food sources and the emergence of trail patterns.
No attempt is made at associating our analysis with those of a particular ant species or family. Consequently the 'data' used here to run the simulations (see Table 3 .3) is regarded mostly as baseline values and used to set the problem's spatio-temporal scales. Much of the subsequent work is then aimed at finding parameter values that would reproduce commonly observed behavior in ant colonies. All of our results are qualitative in nature, as is to be expected from a conceptual model.
We build upon a rich modeling tradition of ant colony behavior dating as far back as the work of [4] , and culminating in the recent work by [28] from which we draw heavily. As in the latter study, we couple an Active Walker Model for the motion of individual ants, with a model for the spatio-temporal evolution of the pheromone fields. We aim at explaining two key features: recruitment of ants to food sources, and trail pattern formation, which have been the focus of several other studies. In [24, 20, 31] the authors use active walker models to study trail formation but disregard molecular diffusion of the pheromone field. In [26] the authors make a key finding: ants generally respond to the pheromone stimuli by modifying their orientation, not their speed. This feature is not included in [28] -another recent work exploring collective behavior by ants -but is explicitly incorporated in our model. [3] uses a jump process for the orientation of individual ants but does not consider tropotaxis as the feedback mechanism. In [34] a model similar to ours is proposed but the authors do not address any questions on recruitment or trail formation.
The organization of the paper is as follows. In Section 2 we describe the behavioral assumptions of the model followed by their corresponding mathematical description in Section 3. There, we lay out the equations of motion for individual ants as well as the equations governing the production and evolution of the pheromone fields. All equations are first constructed in dimensional form, and following baseline estimates on a handful of variables, casted into a non-dimensional model in Section 3.3. Section 5 introduces the conditions for successful recruitment, and yields values for the model parameters such that recruiting ants can, by leaving pheromone marks on their nest-bound trip, orient foragers to a food source. Once the model is complete, Section 6 describes the formation of trail networks and how their structure depends on model parameters.
A tropotaxis model for ant foraging and recruitment
We consider a fixed number of ants roaming in two-dimensional space around the vicinity of a fixed nest. Ants follow a set of well-established behavioral rules which we now summarize, (see for example [23, 4, 2] ). The mathematical formulation of the model is derived in subsequent sections.
We consider only two possible modes for any ant: foraging and recruitment. During the foraging mode, an ant will search for food while being guided by the pheromone signal laid by other ants. Whenever the ant reaches a food source, she enters into recruitment mode. She then returns to the nest leaving a pheromone trail with the objective that others can follow it to the food source she just found. When the recruiting ant reaches the nest, she becomes a forager again and her routine starts all over. We call this the foraging-recruitment cycle.
The movement of each individual ant is determined by three time-dependent state variables: position, speed and orientation. Most of our modeling efforts are directed at describing the dynamics of the orientation, which is defined as the angle spanned between the head-to-gaster axis of an ant, and an arbitrary but fixed reference direction. The velocity vector of each ant points along her orientation and has magnitude equal to her speed. The ant's position, which is measured with respect to the nest, is simply obtained by integrating the velocity vector over time.
In our model, the movement of each ant is driven by two underlying processes: a field of pheromone concentration, and random fluctuations. The pheromone field forms a time-evolving odour landscape that the ants use to dynamically orient their motion [39] . A crucial simplification is that ants respond to the pheromone field by modifying their orientation, not their speed. This is based on the observations made by [26] and is the main motivation for us to propose a model based only on tropotaxis: by sensing the strength and gradient of the pheromone field at its location, the ant takes small turns thus adjusting its orientation in order to move in the direction of largest concentration gradient. See also [29] and [34] .
Of pheromone, we consider two distinct sources:
the nest, which acts as a beacon producing a constant pheromone field from its point source [8] , and the pheromone signal produced by recruiting ants as they mark the ground along the path on their way to the nest [5] .
Both the nest and ant pheromone are assumed to be produced by sources at ground level and subject to the physics of three-dimensional diffusion processes in the upper-half space. We also consider the existence of a perception threshold for the pheromone concentration below which the ants cannot sense it anymore. See [4] . Noise enters our model as Gaussian random increments in the equations for the dynamics of the ant's speed and orientation. It is not only used to capture the apparently erratic and inherently uncertain motion of individual ants, but also as means to include the uncertainty associated with the fact that our model ignores several processes whose compounded effect we assume is small. These processes are specific-dependent and might include: micro-topography, ant-ant collisions, visual cues, other pheromone signals, etcetera. See for example [33, 30] . For stochastic formulations in terms of distributions other than Gaussian, see [3] and [6] .
We introduce the notion of successful recruitment to denote the ability of a recruiter ant to leave marks that will guide a forager ant from the nest to a food source. To be precise, successful recruitment requires that the pheromone marks left by the recruiter on its path satisfy the following conditions:
1. there is a path connecting the nest and the food source along which the pheromone field is increasing, 2. the pheromone concentration is above the perception threshold at all points along such trail, 3. conditions 1 and 2 hold for a long enough amount of time, so ants have the opportunity to reach the food source from the nest or other nearby locations.
The existence of a strategy of successful recruitment is necessary for the emergence of colony-scale trail patterns of food retrieval. The geometry and definiteness of such patterns will depend on trail preference. Namely, recruiter ants might not follow the shortest path in return the nest after finding a food source, but will rather follow existing trains of moving ants [39] .
In subsequent sections we formulate the mathematical model for the processes outlined above. After picking characteristic scales, the model is cast in non-dimensional form, and some of its parameters are tuned in order to arrive at conditions of successful recruitment. Finally, we perform numerical explorations on the role that trail preference play in the formation of realistic trail patterns.
Mathematical formulation
We propose an Active Walker Model in which ants move over a flat two-dimensional surface interacting and modifying their environment through the production of pheromones. The evolution of the dynamical variables of each ant is specified via a system of ordinary and stochastic differential equations, coupled with partial differential equations modeling the evolution of the pheromone field ants produce and respond to. For a review of active walker models and their relevance in the study of trail formation, we refer the reader to [20] .
Below, for each relevant variable, we specify its units in the CGS system and write down the dimensional equations governing its behavior, as well as all parameters involved. In the next section, we will identify scales of interest and derive the non-dimensional counterparts.
Equations of motion
The position of an ant at time t 0 (s) is x(t) = (x(t), y(t)) ∈ R 2 (cm) measured with respect to arbitrarily oriented xy-axes with its origin (0, 0) fixed at the nest's location. Its velocity vector is u(t) (cm/s). A basic model for the ants motion is the following Langevin system for and active walker:
where λ (s −1 ) is a constant friction rate, F encodes the nonlinear feedback mechanism mediated by the pheromone fields, D v (cm 2 /s 2 /s) is a diffusion coefficient, and B u (s 1/2 ) is a two-dimensional Weiner process [20, 13, 27, 28] . It is assumed here that the pheromone feedback operates only on the direction of movement and not on its speed. We thus decompose the velocity vector as
where v(t) (cm/s) is the speed and ϕ(t) (rad) is the ant's orientation defined as the counter-clock-wise angle its head-to-gaster axis forms with the x-axis. (See Figure  1 and [27] ). By a slight modification of the analysis of [36] , one can derive from equations (1 -2) the following system of stochastic differential equations for the processes v(t), ϕ(t):
where B v and B ϕ (s 1/2 ) are a pair of independent one-dimensional standard Wiener processes. The term ω (1/s) in (4) is the manifestation of the pheromone feedback mechanism upon the orientation process and is denoted as such because it truly is an angular velocity: it gives the rate of change of the ant's orientation as a function of the local sensory input. It plays a starring role as the model for tropotaxis and will be derived in Section 4.2.
It can be shown that the distribution of v(t) given by (3), converges to an invariant distribution with mean and variance given respectively by:
which could be used in the field to derive the appropriate values of λ, D v form observations of a particular population. Moreover, this convergence is independent of the pheromone feedback mechanism, which implies that the process {v(t) : t 0} plays a secondary role in the emerging of large-scale foraging patterns, the focus of the present study. For the remaining of the paper, we thus replace the dynamics of v(t) by its limiting behavior and arrive at the final system of equationṡ
where
is called the angular dispersion coefficient and has units (1/s). More will be said about D ϕ in Section 4.3. The model is completed by coupling the dynamics of N walkers determined by the triple x j , u j , ϕ j with j = 1, . . . , N , evolving according to N versions of equations (6) (7) (8) , each driven by and independent Brownian process B ϕ j .
The pheromone fields
We suppose that ants move along the two-dimensional boundary of a three-dimensional half-space on which the pheromones undergo linear molecular diffusion. Thus, the pheromone fields of interest to the ant dynamics are produced and must be evaluated at the 'ground level' z = 0. Namely we are interested in the concentration F (x, t) = F (x, y, 0, t) where F (mol/cm 3 ) evolves according to following three dimensional diffusion process in half space
where ∆ 3 denotes the Laplace operator with respect to (x, y, z) and D F (cm 2 /seg) is the pheromone diffusion coefficient. The Dirac delta function δ 0 (cm −1 ) indicates that the source of pheromone comes from ground level and at a rate Φ (mol/cm 3 /s).
Note that the second line in (10) declares the ground as a no-flux or reflective boundary for pheromone molecules. It follows from (10) that the ground level pheromone field is
where the Green's function G (cm −3 ) is given by
Note that G(ξ, x, t) dξ amounts for the fraction of pheromone concentration that is diffused from ξ to x in time t. Two pheromone fields are considered in our model: F N which emanates from the nest, and F A which is produced by recruiting ants. We will refer to these as the nest and ant pheromone fields, respectively. Both fields are subject to the dynamics of equation (11) but with one important difference: the nest source Φ N is constant in time and concentrated at the origin, while the ant source Φ A is concentrated along multiple one-dimensional paths and its concentration varies along each path.
The nest pheromone field F N is thus quite simple as we assume it comes from the stationary solution to (10) with a constant source of strength f N (mol/seg) located at the origin. Namely Φ N = f N δ (0,0) (x) in (11) , which yields
To arrive at an expression for F A we must take into account the contributions of all ants. Consider thus the j-th ant and suppose it starts in foraging mode at t = 0. Let T F j,1 be the first time it reaches a food source. If it subsequently returns back to the nest at time T N j,1 , it means that during T F j,1 < t < T N j,1 the ant was in recruiting mode marking the ground with pheromones, which we assume does at a rate
Here, κ (1/s) controls how fast the ant reservoir depletes, while f A (mol/seg) is the maximum rate at which the ground is marked [31, 20, 28] . Two comments are in order about our choice for the marking rate function g j : first of all, it is a decreasing non-negative function, which is necessary for the conditions of successful recruitment to hold. Secondly, the form of g j is consistent with our assumption that ants cannot measure distances: they behave as emptying linear reservoirs of pheromone, leaving marks at a rate proportional to an assumed depleting amount of available pheromone in their glands. The history of the j-th ant's routine up to time t can then be summarized by the sequence of times
where M j (t) denotes the number of times the j-th ant has found distinct sources of food in between returns to the nest, and we prescribe T N j,M j (t) = t if the ant has not yet arrived to the nest by time t. Combining (11), (14) and summing over all ants, we arrive at the following expression for the ant pheromone field:
Typical scales and adimensionalization
In our conceptual approach we do not intend to predict the behavior of any ant colony of a particular species under some definite conditions. That would require the estimation of values for v * , D ϕ , D F , f N , κ and f A from field data which is most likely impossible. Our aim is to establish the existence of physically and physiologically meaningful ranges of values for said parameters, such that the model reproduces large-scale qualitative patterns observed in ant colony foraging. We thus selected from the literature baseline parameter values, shown in Table  3 .3, and use them to arrive at a non-dimensional model. Table 1 Values of dimensional quantities used as baseline. The values of ω * were computed from the values of the turning angles of ants in the laboratory measured every 0.04 seg as reported in Table 1 of [37] . See also [14] for a useful compilation of parameter values of different species.
Note that Table 3 .3 contains no mention of a typical scale for the concentration of pheromone: that would require the knowledge of typical values of the rates f A and f N . We circumvent this problem by tying the pheromone scale to that of the habitat. In particular, following [39] we assume there exists a concentration threshold F 0 (mol/cm 3 ) below which the ants cannot sense the pheromone. We could use an estimate of F 0 for a particular species of interest as the typical pheromone concentration scale, but instead we posit that if r * is the maximum distance from the nest to which the ants can effectively forage, then
must hold. We then define the baseline pheromone concentration F * (mol/cm 3 ) as the average value of F N over the habitat:
If both r * and F 0 are known, then f N can be obtained through (17) . Setting the baseline time scale as t * = r * /v * yields a unitary adimensional speed. Further simplifications using the typical scales defined above result in the following non-dimensional version of the active walker model:
for j = 1, . . . , N , coupled to the pheromone fields
All variables and parameters in (18) (19) (20) (21) are now unitless, but in order to keep notation light, we have used the same symbols as in the dimensional formulation (except for the new parameter ν, which is defined below). These adimensional variables and parameters can be written back in terms of their dimensional counterparts (now denoted with a bar) by:
We will use only non-dimensional quantities for the remaining of the paper with the hope that the change in notation does not create any confusion. In order to complete the model we must prescribe the function ω and appropriate ranges of values for κ, f A and D ϕ . We do this in the next two sections.
Tropotaxis, angular velocity and dispersion
We now attempt to model the phenomenon of tropotaxis via the angular velocity ω in (19) . The basic assumption is that an ant is able to sense only the gradient of pheromone concentration in order to make changes in orientation that will guide her in the direction of the highest pheromone gradient. This change of orientation is denoted by dϕ and modeled by the drift term ω dt of the stochastic differential equation (19) . Suppose that at time t, an ant occupies location x while sensing a general pheromone signal F . We propose the following decomposition of the angular velocity:
The term Ω can be thought as the magnitude of the turn: a functional of the local pheromone field F in terms of its gradient at the ant's location. We call τ the turn function and it gives the direction of the orientation change as a function of the angle spanned by the gradient of the pheromone concentration and the ant's orientation,
Which pheromone field F is evaluated in (23) depends on the ants activity at time t. For foraging ants trying to locate food sources that may or may not have been located already, F = F A . Once an ant finds food and becomes a recruiter, we use either F = F N , or a combination of F A and F N as explained in Section 6.
The turn function τ
Let θ = (ϕ, ∇F (x, t)) stand for the angle of the gradient of pheromone concentration measured with respect to the ant's orientation. We use the convention in which angles are positive in the counterclockwise direction. Tropotaxis requires τ to be monotone, yield zero whenever the ant and the gradient of pheromone are aligned (θ = 0), and to give the maximum turn whenever the gradient points in precisely the opposite direction to the ant (θ = ±π). Figure 4 .1 defines the simplest such function. The function is 2π-periodic and can be taken right or left continuous depending on whether the ant turns to the right or the left in the presence of a gradient pointing in the direction opposite to hers. A useful representation for τ is
where e ϕ and e ∇F denote unit vectors in the direction of the angle ϕ and the vector ∇F respectively. 
The magnitude of turns
Here we make considerations about how ants may take the sensory data of F and ∇F at a point, and convert it dynamically into modifications of their orientation via the functional Ω in (19) . In [26] the authors propose that the ant's response to the pheromone field follows Weber's law: the turning angle is proportional to the difference between the concentration of the pheromone on both sides of their body, divided by the mean concentration. Mathematically one may write
The appearance of the logarithm in (25) is telling as it means that ants may be exposed to pheromone fields with concentrations varying over several orders of magnitude. That this is the case can be seen even from the nest pheromone field. Recall that the field F N in equation (20) was obtained by solving the steady three-dimensional linear molecular diffusion equation with a point source located at the origin. The resulting field is singular at the origin and radially symmetric, so we can write it F N = F N (r) where r is the distance to the nest. At the edge of the habitat F N (1) = 1/2, and for r ∼ 10 −3 , comparable to an ants size, one has F N ∼ 10 3 . We thus have a pheromone field that varies at least over three orders of magnitude within the habitat. We will see in Section 5 that this range is necessarily even wider in the case of the pheromone produced by ants. Our proposal for the feedback mechanism encoded in ω assumes pure tropotaxis, namely that ants can only sense the gradient of pheromone concentration. We posit
where the added unity prevents Ω to become singular at locations of very low pheromone gradient. Figure 3 shows the comparison between our proposal and Weber's law. (25) and (26).
ant may use other cues to orient herself and tropotaxis is likely irrelevant there. We thus introduce a small radius N around the nest within which we assume our model does not apply. An estimate of N will come from the analysis of successful recruitment conditions.
Exploration, return and angular dispersion
Consider the first ant that leaves the nest in search of food. Her foraging cycle can be divided into three stages:
1. She leaves the nest and the ant pheromone field F A is zero everywhere and so is the tropotaxis term affecting her orientation changes, ω = 0. According to our model, her success as a forager thus depends solely on the random variations in her orientation, namely dϕ = 2D ϕ dB ϕ . 2. When (and if) she finds a food source, her nest-bound journey will be guided by ω = Ω[F N ]τ (ϕ, ∇F N ) as angular velocity in the active walker equation, with Ω and F N given by (26) and (20) respectively. 3. After her return to the nest, she becomes a forager once again but will encounter the field F A resulting from her (or any other successful scout's) pheromone markings, that is,
The angular dispersion coefficient D ϕ plays an important role in every phase of the cycle we just described. During the initial exploration phase, in which ω = 0, it can be shown that for constant D ϕ , the mean dispersion rate is given by
Notice that (27) exhibits ballistic motion (i.e. small dispersion) as t ↓ 0 but quickly transitions to Fickian diffusion as t grows (see also [27] ). We pose that such a switch in the dispersion rate behavior should not depend exclusively on time, but should instead also take into account the ant's activities and external stimuli, namely the pheromone fields. To be specific we propose the following: (i) while in close proximity to the nest, where F N is large, the ant's dynamics should be ballistic.
(ii) As an ant explores farther reaches away from the nest, the noise component of their motion should increase in order for her to improve the chances of finding food before leaving the region where F N (x) F 0 .
We then propose that foraging ants experience a pheromone-dependent angular dispersion coefficient
for some ξ > 1 and a maximum value D max ϕ that, according to (22) and the laboratory results reported in [37] , is of order t * × 10 −2 . Note that under this model, D ϕ (F N (r)) is a sigmoid function of r, and thus consistent with (27) . Figure  4 compares paths of foraging ants for the case of ξ = 0 (Fickian diffusion) and ξ = 4. Note that in the latter case, foraging paths are essentially radial in the vicinity of the nest, and less likely to exit the habitat in the long term than in the case of simple Fickian diffusion.
We assume that recruiting ants return to the nest aided only by the field F N in (20) . Note that under our assumptions, the gradient ∇F N (x) = − 1 2 x −3/2 x gives, at each point, full information about the relative distance and direction of the nest. As long as ants are within the region x 1, their return to the nest is easily accomplished by tropotaxis. Figure 5 shows typical trajectories of the nest-bound journey of recruiting ants. Remark 1 Figure 4 .1 shows the importance of the initial orientation in the efficiency with which a recruiting ant can return to the nest according to equation (19) . Any ant facing in the opposite direction of the nest, will have to undergo a long turn in order for the small changes dϕ to accumulate until it corrects its orientation. This is an artifact of the model, and in order to correct it, once an ant reaches a food source, we assume she can 'turn around' and face the nest before starting her nest-bound journey. 5 Conditions for successful recruitment.
We now turn our attention on the feedback mechanism between recruiting and foraging ants as mediated by the field F A . We thus focus on the active walker model (18) (19) (20) (21) for a foraging ant, namely ω = Ω[F A ]τ (ϕ, ∇F A ) where the field F A is being continuously modified by a recruiting ant on her way to the nest. The goal of this section is to mathematically formulate the successful recruitment conditions introduced in Section 2 and use them to arrive at acceptable values for the parameters f A and κ in (21) . Our analysis here refines that of [4] where the authors consider only the case of constant emission rate g.
Consider the j-th ant in foraging mode, and suppose that at time T F j,1 it finds a food source located at x F with x F < 1. In order for her to be a successful recruiter, the parameters f A and κ must be such that after the time T N j,1 , which is when the ant has returned to the nest, any other ant located at the nest can follow the direction of maximum gradient of the resulting field F A and arrive at x F . Namely, we require the existence of a connected path p : [T N j,1 , T F ] → R 2 with p(T N j,1 ) ≈ (0, 0) and p(T F ) ≈ x F such that
Under these conditions, an ant would be able to walk along path p following an increasing concentration field and reach a vicinity of x F at time T F . The fact that this path cannot exactly connect the nest at (0, 0) with x F will become apparent from the subsequent analysis. In order to simplify the analysis, let us formulate a one-dimensional version of problem (29) . Consider an ant that at time t = 0 has just reached a food source at a distance r F 1 from the nest and is now in recruitment mode. We will now disregard all spatial variations of her path and assume she moves in a straight line with velocity v back to the nest reaching her destination at time t = r F /v. Along this path the ant would leave pheromone markings of time-varying strength f A e −κt . It follows from (21) that the resulting pheromone field could be approximated for points along the path by
where the distance to the nest r is being used here as a proxy for a location along the straight line connecting the imaginary food source and the nest. The Green's function in (12) is written in (30) as
Our goal is to find conditions on f A and κ such that (i) F A (r, t) is an increasing function of r, and (ii) F (r, t) > F 0 in an appropriately large portion of the interval (0, r F ) and for times t r F /v. There is no analytical expression that we know of for the integral in (30), however, key aspects of its behavior can be easily deduced. First note that ∂F A ∂r (r F , t) < 0 for all t > 0. This is a consequence of diffusion: at the point where the recruiter starts leaving markings, there is a discontinuity in concentration that is instantly smoothed out by diffusion, thus creating a local maximum r 1 (κ, t) < r F . Close to the nest we have lim r→0 + F A (r, r F /v) = +∞. Then, for a small period of time after t = r F /v, diffusion forces ∂F A ∂r (0, t) > 0 creating a local maximum and minimum close to the origin. See left panel of Figure 7 . Let r 2 (κ, t) 0 denote the smallest local minimum.
It is therefore clear that F A (r, t) is not a monotonically increasing function of r on (0, r F ) for all t r F /v. In practicality this means that no ant will be able to follow a trail from the nest until the food source by the sole mechanism of tropotaxis: they will get stuck at the local extremes of F A . We circumvent this problem by assuming that there is a small radius F > 0 such that if the ant is within a distance smaller than F of the food, she will be able to locate it by some other means. We made a similar argument for introducing N in Section 4.2.
The first condition for successful recruitment can then be written as: given appropriate values for the tolerances N and F , find values of κ > 0 such that the locations r 2 and r 1 of the local extremes, satisfy
Condition (32) must be evaluated numerically, and guarantees a path of increasing pheromone concentration between distances N and r F − F that lasts at least until any ant that was recruited in the nest at time r F /v, subsequently reaches the food source. We observe that r 2 (κ, t) = 0 soon after t = r F /v, so r 2 (κ, t) < N holds trivially. However, the behavior of r 1 (κ, t) is monotone in both variables yielding a threshold value for κ. See Figure 6 . Condition (ii) for successful recruitment requires the pheromone concentration F A (r, t) to be larger than the threshold F 0 for all distances and times of interest. Namely, 0.950 0.955 0.960 Fig. 6 Largest local maximum r 1 (κ, t) of F A (r, t) in equation (30) as a function of κ for selected times t r F /v. We used r F = 1, constant velocity v = 1 and D F as in (22) . If F = 0.05 and N = 0.08, condition (32) holds for κ = 12.
Note that the integral in the denominator is, by construction, an increasing function of r in the interval ( N , r F − F ) and a monotonically decreasing function of t. It then suffices to take
to ensure that the pheromone trail will be detectable until time t = 2r F v . See Figure 7 for the resulting F A and Ω T [F A ] as a function of r.
The values of f A and κ required for successful recruitment in the case of the parameter values in Table 3 .3 are f A = 60844, κ = 12. Figure 8 shows an example of successful recruitment using the appropriate parameters in the two-dimensional simulation. Notice the zig-zagging exhibited by foraging ants trying to follow the pheromone signal to the food source. This behavior has been documented and discussed in the context of tropotaxis in [38] and [32] . Figure 6 . We take f A = 60844 as per (33) . For comparison, F N and Ω T [F N ] are plotted in black. Each panel shows a density plot of log(1+F A (x, t)) (the log is used here so F A can be visualized across all its range). At t = 0 the recruiter starts moving towards the nest attracted by F N . In this experiment, foragers are kept immobile until t = r F v = 0.8. At t = 1 recruitment into the path can be seen for seven of the foraging ants, including the ant that originally reached the nest. At t = 1.5, two ants are returning to the nest and a well-established trail along the original recruiter's path can be seen. The parameters of the model were taken as in Figure 7 and angular dispersion coefficient with ξ = 4 in (28) 6 Emergence of trail networks
As it stands, our model predicts that once an ant finds a food source, she will return to the nest following the radially symmetric gradient of F N . Hence, upon simulating several foraging cycles of many ants, a star-shaped collection of trails appears (see Figure 5 ). It has been widely observed however, that instead of a mere juxtaposition of individual routes, trails in large ant colonies often organize themselves into a network. [7, 35, 16, 15] .
Although many environmental and behavioral factors are implicated in the specific topology of the resulting trail networks, it seems that the individual-based mechanism responsible for the appearance of this spatial patterns is a preference of recruiting ants to follow well-established trails to the nest instead of the shortestpath route [22, 23, 21, 12] . This preference can be included in our model by using the pheromone field F A as a secondary guidance signal for ants returning to the nest. Namely, we propose that for ants in recruitment mode, the turn function τ in (23) should compare the ants orientation with a convex combination of the gradients of F N and F A :
where 0 α 1 is a parameter, and F =j A is the pheromone field produced by all other ants except for the j-th, namely the outer-most summation in (21) is Fig. 9 Simulation results of the foraging cycle of 100 ants for 0 t 4 and sixteen food sources. The left panel shows the trajectories of ants during their foraging state while in the middle we show only trajectories of recruiting ants. The right panes shows a graph constructed by connecting the food sources, the nest, and approximate points of intersections between the trails in the middle panel. No trail preference is considered, which produces essential a stargraph of trails taken over all i = j. We call α the trail preference parameter, and for α = 1 we recover the model considered in Section 5. As α decreases, ants will tend to orient themselves where previous ants have laid trails. The reason to exclude the fraction of F A produced by the j-th ant in (34) is that the recruiting ant is herself marking the ground with pheromone, so the total gradient ∇F A at her position is actually dominated by her own markings, huge, and of no use to her.
In order to explore the role played by trail preference, we used clustering algorithms to extract the emerging pattern of nest-bound trails arising from simulations of the ant foraging cycle. Figure 9 shows the result of one simulation for α = 1 where it can be seen the emerging of a mostly radial trail network. Figure  10 shows how as α decreases from one, ants are more likely to follow existing trails on their nest-bound journey, and a more interconnected trail system emerges. The number of trail intersections, as measured as the fraction of nodes in the resulting graph with more than one incoming edge, decreases with increasing α.
Another feature of colony-wide foraging that has been observed in several ant studies is the following: when multiple foods are available at the same time, the colony tends to exploit only a subset of them and travel along a few highly frequented trails [25, 9, 11] . See also [39] . Namely, although several food sources can be discovered and pheromone markings laid guiding to those sources, the colony will tend to focus on a few food sources, traveling on the few corresponding trails, until those are exhausted. We will now illustrate that this behavior can be explained solely by tropotaxis.
In our simulations we do not consider the depletion (or quality) of food sources. Hence all food sources are equally likely to be found, and the pheromone markings left by recruiters on their nest-bound trip have the same initial intensity f A . However, the number of ants traveling on the trails is far from static. Figure 11 shows the results of a simulation where, even though most food sources a quickly discovered by recruiters, by the end of the simulation all ants are focusing on only four of the available food sources and traveling along their corresponding trails. This behavior is observed regardless of the parameter α and is a simple consequence of the trail-reinforcement feedback: the disproportional numbers of workers choosing Fig. 10 Reconstructed recruitment trail graphs from simulations of the foraging cycle for different values of the trail preference parameter α. Ten simulations (only five shown) were performed for each value of ξ. All other parameters and initial conditions were kept constant. At the bottom of each case we report the mean, taken over the simulations of each case, of the fraction of vertices in the resulting graph that have degree larger than two. and laying pheromones on the more traveled branch means that the ants stream to one source/path out-competes the stream to the other source/path [17, 11] .
Summary and Discussion
We have built an active walker model for the foraging/recruiting cycle of individual ants. The model explicitly tracks the spatio-temporal structure of the pheromone field produced by each ant, and how it feedbacks upon the dynamics of ants' orien- Figure 10 . Four different snapshots of the simulation are show. Light blue shows which trails are being transversed by recruiting ants (highlighted in bright blue, foragers in red). Very food source is maintained available during the whole simulation tations. The key assumption is that this feedback is mediated solely by tropotaxis in the form of the operator Ω in (26) The model is not intended as a predictor of ant behavior. It may be used, however, to glimpse at qualitative properties of ant communication required for the emergence of observed colony-wide features of foraging. We show that under suitable assumptions on its parameters, our model can explain key aspects of the foraging/recruiting cycle of ants: searching for and finding food, returning food to the nest, recruiting ants to food sources and preference for movement along trails. Moreover, at the colony-wide scale, our model predicts the emergence of a trail network centered around the nest, with a degree of connectivity that is a function of the tropotaxis feedback. Finally, as shown in Figure 11 , tropotaxis seems to sufficient explanation for the focusing of the colony on few food sources/trails as several foraging cycles are completed.
The analysis leading to the conditions of successful recruitment in Section 5 provides a mathematical answer to the following question: if tropotaxis is the sole mode of communication, what do individual ants have to be able to do in order to successfully forage as a colony?
We have found that the rigors of 3-dimensional diffusion impose serious constraints on the sensory and pheromone marking abilities of any ant colony depending on tropotaxis for recruitment. Figure 7 shows that ants need to accurately differentiate a pheromone field with concentrations spanning five orders of magnitude. Moreover, the mechanism by which the gradient in pheromone concentration is converted into changes of orientation, must be tuned to operate over an input that varies over nine orders of magnitude. Similarly, the value of the exponent κ ∼ 10 in the marking rate (14) implies that over a typical return to the nest, ants must be able to make precise pheromone markings at rates encompassing six orders of magnitude. All these would be remarkable abilities and, as far as we know, have not been tested in the field. Note that these qualitative conclusions do not depend on the choice of base values in Table 3 .3, they follow from a strict application of the dynamics of 3-dimensional diffusion and our choice of form for the tropotactic feedback.
